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Motivation and Materials

Latent variables are unobserved sources of variation, and unsupervised learning
uncovers them from the features alone, interpreted with economic theory

Last lecture the latent variable was discrete: k-means assigned each observation to one
of K groups

Today the latent variables are continuous: the SVD and PCA find a low-dimensional
representation that captures the most variation in the data

Auto-encoders are the general form of this compression, and the embeddings in the NLP
lecture are the next step

An optional section revisits the eigendecomposition of the dividend model from the
dynamics lecture as a one-factor latent
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Extra Materials
e scikit-learn PCA docs

e QuantEcon SVD


https://scikit-learn.org/stable/modules/decomposition.html#principal-component-analysis-pca
https://python.quantecon.org/svd_intro.html
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Packages

import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import norm

from scipy.linalg import inv, solve, eig
from sklearn.decomposition import PCA


file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html

Principal Components
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Principal Components and Factor Analysis
 Eigenvalues also give us dimension reduction, which simplifies features by uncovering
latent variables. Unsupervised

» One technique is Principal Components Analysis (PCA), which uncovers latent variables
that capture the primary directions of variation in the underlying data

May allow mapping data into a lower-dimensional set of uncorrelated features
Uses Singular Value Decomposition (SVD) - a generalization of eigendecomposition
to non-square matrices
» Given a matrix X € RMM can we find a lower-dimensional representation Z € RN*E
for L < M that captures the most variation in X?

» The goal is to invert the X data to find the Z—and provide a mapping to reduce the
dimensionality for future data.
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Singular Value Decomposition

» Many applications of SVD (e.g., least squares, checking rank), in part because it is
especially ‘numerically stable” (i.e., not sensitive to the roundoff errors we talked about

previously)

» One application is to find the latent variables in PCA

» PCA can be interpreted with an eigendecomposition, but can be more confusing than
just using the SVD directly.


https://python.quantecon.org/svd_intro.html#application-principal-components-analysis-pca
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html

SVD

An SVD for any X € RNVM s

X=Uuxzv'

» The diagonal elements of ¥ € RN*M gre singular values, and there are zeros
everywhere else. If M < N then there are M singular values (o1, ... opm)

Those singular values are also the square roots of the eigenvalues of XX T (or
X'X)
The number of non-zero singular values is the rank of the matrix X

o U e RMNand Ve RM*M gre orthogonal matrices

U is eigenvectors of XX T and V is eigenvectors of X X
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Decomposing the Data

A key result is that we can decompose the data into a sum of outer products of the singular
vectors and singular values. Assume ordered so thatoy > 09 > ... 2 opyand M < N

M
X=UZV" =), omlimvy,
m=1

Note that
e u,, € RN isthe m-th column of U and v,, € RM is the mth column of V

* SO u,v, isan N X M matrix but you can show that itis rank-1. i.e,, you can decompose
it into the product of two vectors.
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‘ oV=yplely How Many Nonzero Singular Values?

Build X = ZF T with latent Z € RN*? |oadings F

e IR3*2 both of full column rank and no noise so
X € RN with N > 3.

How many nonzero singular values does X
have?

A.1l
B. 2
C.3
D. N
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Interpretation of the Scatter (Covariance) Matrix

» Assuming the data has been de-meaned already, X T X is the scatter matrix, i.e. N —1
times the usual sample covariance matrix

o The scatter matrix X " X is an M x M matrix where

N
[(XTX]5 = ) xwixj
k=1

» Calculates an expression related to the covariance between features

» The eigenvectors of this tell you along which directions is there the most variation
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Interpretation of the Gram Matrix

» The Gram matrix of the observations (rows) is XX ', an N X N matrix where

[XXT]i]' = xiTx]-

* i.e, each element measures the similarity between features of the ith and jth
observations

 Inner products are a classic way to measure similarity

f xiTx]- s large, the 1th and jth observations are large, aligned, or both; for unit-
length vectors it is the cosine of the angle between them, maximized when they are
equal

| xiTx]- IS zero then the observations are orthogonal

» Thisis important in what are called "Kernel methods” which form approximations by
comparing the similarity of observations
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Interpreting Rank
o Intuition: rank r if r is the smallest number of rank-T matrices that sum to it

Alternatively, the rank of an N X M matrix is at most 3 if we can find a matrix A
e RNS and B € R¥M such that X = AB

» Remember: this works for any matrix X € RNM

15


file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html

Dimension Reduction

» Frequently o1 > o and the o, may decay quickly, so we can approximate X with
fewer terms by truncating the sumatL < M < N.

L
~ T
X = E OmUm¥,,

m=1
» Note that if the data is actually lower-dimensional in a suitable space (e.g., rank(X) = L
< M) theno,, =0for L <m < M, so the truncated sum is exact

e Choose L from a Scree plot of the g, against m: look for the kink, as with the elbow for
k-means in the last lecture
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PCA as an Optimal Dimension Reduction

» Can prove that if we truncate at L < M,

this is the best rank L approximation to X
according to some formal criteria.

— Intuitively, finds directions of the data
that capture the most variation in the
covariance matrix

- Can prove it is the solution to the
optimization problem to explain the
most variation in the data with the
lowest dimensionality

v9: smallest o

(5% Jargest o
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Creating a Dataset with Latent Factors

Create a dataset with two latent factors, the first dominating

N = 50 # number of observations
L, M =2, 3 # number of latent factors and observed features
np.random.seed(77)
z np.random.randn(N, L) # latent factors
F np.array([[1.0, 0.05], # X1 =21 + 0.05 Z 2

[2.0, 0.0], # X2 =271

[3.0, 0.1]]) # X 3 =372 1+ 0.122
X=2Z@F. T+ 0.1 * np.random.randn(N, M) # added noise
print(f"z is {Z.shape}, X is {X.shape}")

z is (50, 2), X is (50, 3)
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PCA Without Dimension Reduction

» See QuantEcon SVD for coding yourself. We will use the sklearn package

» The explained-variance ratio is the fraction of the variance explained by each factor

pca = PCA(n_components=3)
pca.fit(X)

with np.printoptions(precision=4, suppress=True, threshold=5):

print(f"Singular Values (sqrt eigenvalues):\n{pca.singular_values_}")
print(f"Explained Variance Ratio (ordered):\n{pca.explained_variance_ratio_}")

Singular Values (sqrt eigenvalues):
[24.644 0.8199 0.6185]

Explained Variance Ratio (ordered):
[0.9983 0.0011 0.0006]
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Dimension Reduction with PCA

pca = PCA(n_components=2) # one less, and correctly specified

Z_hat = pca.fit_transform(X) # transformed by dropping last factor

# Sign is arbitrary, and the components can mix the latent factors
print(f"Correlation of Z_1 to Z hat_1 {np.corrcoef(Z.T, Z_hat.T)[0,2]}")
print(f"Correlation of Z_2 to Z hat_2 = {np.corrcoef(Z.T, Z_hat.T)[1,3]}")

Correlation of Z_1 to Z hat_1
Correlation of Z_2 to Z hat_2

0.999329900857125
-0.479077909271834
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‘ Which Is Also an SVD?

X =UXV T isanSVD of X.

Which change leaves it a valid SVD of the same
X?

A. Flip the sign of u1 only

B. Double g1 and halve u;

C. Swap uq with u, only

D. Flip the signs of u1 and o1 together
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Interpreting the Results

» The first factor in the decomposition is nearly perfectly (positively or negatively)
correlated with the more important latent factor

The sign could have gone either way. The key is the shared information
» The 2nd factor has only a moderate correlation with the 2nd latent. Why?
» The variance decomposition gave a 3rd factor with non-zero variance

We only had two latent variables. Why didn't it figure it out?

» How could you have changed the DGP to make this less successful?
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‘ Change the Units of One Feature

The data are demeaned and the three features
have similar variances. Feature 3 switches from
dollars to cents, so its column is multiplied by

100.

What happens to the first principal direction v;?

A. Unchanged; only o1 changes
B. Tilts away from feature 3

C. Tilts toward feature 3

D. Unchanged because the data are
demeaned
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Warning
» We have just scratched the surface to build some intuition.

» Many missing details and caveats (e.g., you may want to rescale your data, make sure
everything is demeaned if implementing yourself, etc.)

» Read up on the documentation and theory before using in practice

» Many generalizations exist which are more appropriate in particular settings
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Auto-Encoders and Dimensionality Reduction
» General class of problems which they call auto-encoders in ML/data science

Function f, the encoder, maps X to a latent space Z, which may be lower-
dimensional

Function g, the decoder, maps points in the latent space Z back to X
0. and 0,4 are parameters for f and g which we are trying to find

» Then the goal is to find the 8, and 04 parameters for our encoder, f, and decoder, g,
where for as many X as possible we have

8(f(x; 0e); 0a) = x

» Thez = f(x; 0,) may be lower-dimensional, but may be useful regardless
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Encoder and Decoder

« The encoder compresses x into the latent z and the decoder reconstructs x; the
parameters are chosen so X = x across the data

encoder decoder
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Optimization Problem for an Auto-encoder

o |f we had a distribution for x then can solve

min E|lg(f(x; 6.); 0.4) — X113
66/861

» But typically in practice we replace expectation with empirical distribution {xq, ...

1 2
min ng{ 18(f (x5 Oc); Oa) — x4l
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PCA as a Linear Auto-Encoder

» With x demeaned, let f(x; W) = W Tx and g(z; W) = Wz where W € RM*L Then
= WW Tx and the "reconstruction error” is |[|x — x||§.

Zn:f(xn;w)
min 1 % IW WTx, —x,|[5, withWTW =1
W N o n ni2rs

» In more advanced machine learning examples, intuition seems to come up frequently.
Related to embeddings, which come up with NLP networks, etc.
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Connection to PCA

« Froma SVD of X = ULV " where the columns of V are the eigenvectors of X " X
Assuming 2. is sorted largest to smallest.

f we are using L components, then we truncate by taking the first L columns of V'
and X

Thenlet W =Vi, soWTW =1

« With this, z = W Tx is the low-dimensional latent and Wz = WW T x the reconstruction
that minimizes the error
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‘ What Does an Auto-Encoder Compare?

An auto-encoder is trained on data xq, ... , XN.

What does its loss compare?

A. The reconstruction ¥ = g(f(x)) to x
itself

B. The latentz = f(x) to x
C. The reconstruction x to some label

Yy
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‘ SVEEI) Remnove the Noise

The PCA example in this lecture used X = ZF T

+ 0.1 e with latent Z € R>"%?, [oadings F € R3*?,

and Gaussian noise ¢, and PCA gave a third
explained-variance ratio of 0.0006.

Set the noise to zero, so X = ZF " exactly, and
refit PCA(n_components=3).

What is the third explained-variance ratio?

A. Zero up to roundoftf

B. About 0.0006, as before
C. Undefined: PCA fails on a rank-
deficient matrix

D. Depends on N
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‘ Explained Variance Adds Up

Fit PCA(n_components=M) on X € RN>*M

What does explained_variance_ratio_ sum
to?

A. 01
B.M
C.1

D. N
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‘ No Bottleneck

An auto-encoder has latent dimension L = M,
and f and g can be any functions.

What is the smallest reconstruction error it can
reach?

A. The sum of the smallest singular
values

B. Never zero, because of noise in the
data

C. Zero, with f and g both the identity
D. It depends on the data
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‘ Ten Ratios, Two Factors

Ten financial ratios per firm are linear
combinations of two latent factors of comparable
importance, plus noise well below both.

What do the singular values of the demeaned
ratio matrix look like?

A. Two large, eight near zero
B. All about the same size

C. One large, nine near zero
D. Decaying at a constant rate
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‘ Which Tool for Which Latent?

Three tasks: A. k-means, PCA, eigendecomposition
of A
1. Compress 50 balance-sheet ratios per firm into | B. PCA, k-means, eigendecomposition
a few indices of A
2. Sort firms into a handful of types C. PCA, eigendecomposition of A, k-
3. Find the common factor driving two dividend | Means
series with dpq = Ad, D. k-means for all three

Which tool fits each?
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—actors within a Portfolio
Model



file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html
file:///home/runner/work/grad_econ_datascience/grad_econ_datascience/.lectures_output/index.html

Simulation

In the dynamics lecture we introduced code for simulation

def simulate(A, X 0, T):
X = np.zeros((2, T+1))
X[:,0] = X_0
for t in range(T):
X[:,t+1] = A @ X[:, t]
return X

39
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A Portfolio Example
« Two assets pay dividends d; = [dy;  da]' following dpy1 = Ady from dy

 Portfoliohas G = [G1  G2] shares of each asset and you discount with factor 8

A = np.array([[0.6619469, 0.49646018],[0.5840708, 0.4380531]])
G = np.array([[10.0, 4.0]])
d_0 = np.array([1.0, 1.0])
T, beta = 10, 0.9
p_® = G @ solve(np.eye(2) - beta * A, d_0)
d = simulate(A, d_0, T)
y =G @ d # total dividends from portfolio
print(f"Portfolio value at t=0 is {p_0O[0]:.59}, "
f"total dividends at time {T} is {y[0,T]:.5g}")

Portfolio value at t=0 is 1424.5, total dividends at time 10 is 36.955
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Dividends Seem to Grow at a Similar Rate?

Dividend Simulation
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Digging Deeper
» Let's do an eigendecomposition to analyze the factors

Lambda, Q = eig(A)
print(np.real(Lambda))

[ 1.10000000e+00 -2.65486733e-09]

o The first eigenvalue is 1.1, but the second is very close to zero!

— (Infact, I rigged it to be zero by constructing from a A, so this is all numerical
copy/paste errors)

» Suggests that maybe only one latent factor driving both dq; and do;?

» Of course, you may have noticed that the columns in the matrix looked collinear, which
was another clue.
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Evolution Matrix is Very Simple with Ao =0

f we stack columns Q = [q1 qz] and let §; be the first row of Q7 then,

A O

_ -1 _
A= QAQ —Q[O ;

]Q‘l = g1

lambda_1 = np.real(Lambda[0])

g_1 = np.reshape(Q[:,0], (2,1))

g_1_inv = np.reshape(inv(Q)[0,:], (1,2))

norm(A - lambda_1 * q_1 @ g_1_1inv) # pretty close to zero!

np.float64(2.663274500543771e-09)
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Transforming to the Latent State
o Recall: A = QAQ™! can be interpreted as:

— Transformation to latent space, scaling, transform back

* We can demonstrate this in our example:
— Transforming dg to €g using g1
~ Evolving €; from €g with €141 = A1&y, or £ = AL
— Transforming back with g1

— Checking if it aligns with the d;
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Implementation

1.0 = qgq_1_1inv @ d_0 # latent space

1 =10 * np.power(lambda_1, np.arange(1, T + 1)) # 1L_t for t = 1,
d_hat = q_1 * 1 # back to original space

# Missing d_0 since doing A * d_0O iterations

print(f"norm = {norm(d[:,1:] - d_hat)}")

y_hat = G @ d_hat

norm = 2.349441087662224e-10

Let's see if these line up perfectly
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Total Dividends and the Latent Variable

Latents vs. Total Dividends

2.4 1

2.2

2.0 A

1.8~
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1.0 A
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