ECONb526: Problem Set 0 (Solutions)

Viktoriya Hnatkovska Jesse Perla

— INSTRUCTOR SOLUTIONS —

Instructions
e This problem set covers linear algebra and optimization material from the MA Math

Camp.
e Submit as PDF on Canvas

Question 1

Minimize the function 22 + 32 + 22 subject to

r+y+z="7
r+y+z=1

SOLUTIONS

The Lagrangian is

Az, y, 2, p) =22+ + 22+ N7 -3z —y—2)+u(l—x2 —y—2)

The first-order conditions are




x:20—3A—u=0
y:2y—A—pu=0
2:22—A—u=0
A T7T—=3x—y—2=0
p:l—z—y—2=0

Solving this system of equations gives the following solution:

r=3

=-1
z=—1
uw=—06

=

Question 2
Question 2.1

For the following optimization problem:

1. Show the Lagrangian

2. Provide all of the first-order conditions for the optimization problem

3. Solve the optimization problem for the x value and any Lagrange multipliers, being formal
in the use of equations and inequalities where possible.

max{2z}

st. 22 <5

SOLUTIONS

Take the Lagrangian

L(x,N) =2z +A(5b—2%), A>0.
The KKT conditions are




FOC: 0,£L=2—-2\x=0
Constraint: 22 <5
LM positivity: A>0

complementary slackness: A (5 — z?) = 0.

1. From the FOC above, 2 — 2\z = 0. If A = 0, then 2 = 0 (contradiction), so by dual
feasibility A > 0.

2. With A > 0 and complementary slackness A(5 — z2) = 0, the constraint binds:
5—2?=0=2%=5.

3. Plug into the FOC: 2 —2\z =0= X\ =1/x.

4. Primal feasibility gives € {++/5}. Dual feasibility (A > 0) plus A = 1/ implies
x> 0, hence z* = /5 and \* = 1/\/5

5. Optimal value (objective 2x): 2z* = 2+/5.

Question 2.2

For the following optimization problem:

1. Show the Lagrangian

2. Provide all of the first-order conditions for the optimization problem

3. Solve the optimization problem for the x value and any Lagrange multipliers, being formal
in the use of equations and inequalities where possible.

max{2z}

st. 22>5

SOLUTIONS

Lagrangian and KKT conditions (write constraint as g(z) = 22 — 5 > 0):

L(x,\) =2+ (2 —5), A>0.
KKT conditions

FOC: 0,£L=2+2\x=0
Constraint: 22 —-5>0
LM positivity: A>0

Complementary slackness: A (z? —5) = 0.

Steps:




1. Assume constraint does not bind, i.e. A =0
e Then the FOC gives that 2 = 0, a contradiction.
2. Then assume the constraint binds, and A # 0

« By slackness, this means 22 = 5, so = +v/5

o At z = —/5, the FOC gives 2 —2\/5 =0, so A = 1/v/5 > 0: this is a KKT
point, a constrained local maximum on the negative branch.

o At z =/5, the FOC gives A = —1/v/5, which is negative—contradicting the
LM positivity.

There is no global maximizer: feasible x — 400 makes 2z unbounded above.

Question 3

Consider a household whose utility is defined over consumption of two goods, x and y, and is
given by the following function:

u(w,y) = (az" + by") 7,

where 1 < 1 is a parameter governing the elasticity of substitution between goods x and y, and
0<a<landO0<b<1

Prices of the goods are determined in competitive markets and are given by p, and p,. The
household has a total income of m. (i) Write down the budget constraint facing the household.
(ii) Find the utility-maximizing demand for the two goods.

SOLUTIONS

The budget constraint is

P +pyy =m

The Lagrangian is:

Ay, A) = (az" + by") 7 + Alm — p,z — p,y]

The first-order necessary conditions are:




A 1
= (ax" + by”)?_lax”’1 —Ap, =0

EX

OA 1 9

el n M7 n—1 _ =

oy (azx™ + by") " by Ap, =0
OA

a:m—px:v—pyyZO

a:)nfl _ Do

Combining the 1st and 2nd conditions above gives ¢ (Q o
Y

Substituting this into the budget constraint gives

AN
py|=Eo ] tpy=m
Py a

AR
o () (1) =
Py a

m

Py = T
()7 @

We can solve for x from the budget constraint as a residual:

m—p,y
Py

with y from the expression above.

The interior expression above applies for n < 1, n # 0 (with positive goods, prices, and
income). If n = 1, utility is ax + by: spend all income on = when a/p, > b/p,, on y when
a/p, <b/p,, and any budget bundle is optimal when the ratios tie. The displayed utility
is undefined at 1 = 0 unless a limiting convention is specified.

Question 4

Being formal and explicit about the rules of matrix algebra (e.g., when operations are commu-
tative, distributive, and when invertibility is required), solve for x € RY. Constants: vectors
b,c,d € RV, matrices 4, B,Q, R € RNV and scalar m € R.

1. I-A)zx=b+c
2. Az + (2"B)T =d

SOLUTIONS

Solution part 1
o (I —A)x =0+ c, starting point



o Assuming I — A is invertible, left-multiply by (I — A)~!
o I—A)YI—Axz=(I—A) "1+ c), using left multiplication
e x=I—A) Y b+c),using (I —A)'(I—A)=Tand [z =x

Solution part 2

Az + (" B)T = d, starting point

(2"B)T =B (2")T = BTz, using (XY)' =Y X" and (") =2
e (A+ Bz =d, using distributivity: (A + B")x = Ax + B'x

If (A+ BT") is invertible, left-multiply by (A + B")™?

o I = (A + BT)fld

Question 5

1. Find a unit vector € R? such that x - [3 4] = 0. Hint: perpendicular vectors to any
[a b]is [-b a] or [b —a] and a unit vector is one where ||z||, = 1.

2. Given any nonzero vectors u,v € RV, explain how to test using the norm and inner
product whether they are (i) orthogonal and (ii) collinear, and if collinear, whether they
point in the same or opposite direction.

SOLUTIONS
Solution part 1

« Condition: z- [3 4] =0.
« A perpendicular vector to [3 4] is [-4 3], using (a,b) L (—b,a).

o Normalize to unit length: |[(—4,3)|, = /(—4)%2 + 32 =5.

« One unit solution is = 1 [-4 3] (also —z works).

Solution part 2

 Orthogonality: u L v if and only if v = 0.
-

u'v
e Collinearity: For nonzero u,v, compute cosf = —————.
lullz o]l
. U % .
— If |cos 6| = 1 (equivalently, Taly ol = 41), then u and v are collinear.
Ullg ||Vll2
— Same direction if cosf = 1; opposite direction if cos = —1.

Question 6

1. What is the span of the vectors [1 2] and [2 4] in R??



2. For a set of vectors u', ..., u* € R", what are the possible dimensions of span{u?, ..., u*}?
State the minimum and maximum values and when they occur.

SOLUTIONS

Solution part 1
e Note [2 4] =2 [1 2], so the vectors are linearly dependent.
e The span is all scalar multiples of [1 2], ie.

span{[l 2],[2 4]}:{15 [1 2]:t6|R},

which is a one-dimensional subspace (a line through the origin) in R

« Don’t punish people for saying the span is actually R! if you think they understand
what is going on. But use this sort of thing to distinguish between an A and A+.
They just don’t have the language to talk about subspaces.

« Another full marks, full subtlety answer is to say that it is a line in R2.

Solution part 2

e Let U = span{u!,...,uF} C R
o The dimension satisfies 0 < dim U < min{k,n}.

— Minimum: dim U = 0 if and only if all u* = 0 (the zero subspace).

— Otherwise dim U > 1 if at least one vector is nonzero.

— Maximum: dimU = min{k,n}, achieved when the set contains min{k,n}
linearly independent vectors (e.g., k¥ < n and the u® are linearly independent;
or k > n and the set spans R™).

— As before, be very flexible with the exact terminology and answers here if they
seem like they know what is going on. If they say the span is R* but seem to
know what is going on instead of saying it is a subspace of R" of dimension at
most min{k, n}, that is fine of course.
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